We determine the distance-regular graphs with diameter at least 3 and c 2 ≥ 2 but without induced K 1,4 -subgraphs.
Theorem 3.12.2]) that a connected regular graph with smallest eigenvalue at least −2 is either a line graph or a cocktail party graph, or the number of its vertices is at most 28. We recall that a clique in a graph is a set of vertices that induces a complete subgraph. If a graph Γ is regular with valency k, then its line graph L(Γ) is regular with valency 2(k − 1), and it contains a set C of maximal cliques of the same order equal to 1 +
such that every edge of L(Γ) belongs to a unique member of C.
For distance-regular graphs, this observation can be formulated in a more general way. Let Γ be a distance-regular graph with valency k, diameter D ≥ 2 and smallest eigenvalue θ D . Then any clique C of Γ satisfies the inequality
which is known as the Delsarte bound (see [16, Proposition 4.4.6] ). This was shown by Delsarte [20] for strongly regular graphs, and Godsil [22] generalised it to distance-regular graphs. A clique C in Γ is called a Delsarte clique, if C contains exactly 1 + k |θ D | vertices. Note that, if Γ contains a Delsarte clique, then θ D must be integral as 1 + k |θ D | is integral. Godsil [22] introduced the following notion of a geometric distance-regular graph: a non-complete distance-regular graph Γ is called geometric, if there exists a set of Delsarte cliques C such that every edge of Γ lies in a unique member of C. In this case we say that Γ is geometric with respect to C. In case of diameter 2, this notion is equivalent to that of geometric strongly regular graphs as introduced by Bose [14] . Examples of geometric distance-regular graphs include the Hamming graphs, the Johnson graphs, the Grassmann graphs, the dual polar graphs, the bilinear forms graphs.
Note that the notion of a geometric distance-regular graph is stronger than those of a clique geometry, as defined by Metsch [31] , or an asymptotic Delsarte geometry, studied by Babai and Wilmes [3] . Both definitions played an important role in recent progress on the complexity of the graph isomorphism problem (restricted to the class of strongly regular graphs) [2] , and on the problem of classifying primitive coherent configurations with large automorphism groups [36] . In particular, Spielman [35] improved the complexity of isomorphism testing of strongly regular graphs, found by Babai [1] , using the following result by Neumaier [32] : for a fixed integer θ ≥ 2, there are only finitely many coconnected non-geometric distance-regular graphs with smallest eigenvalue at least −θ and diameter 2. Koolen and Bang [27] generalised this as follows: there are only finitely many coconnected non-geometric distance-regular graphs with smallest eigenvalue at least −θ and with given diameter D ≥ 2 or having the intersection number c 2 ≥ 2 (in fact, the Bannai-Ito conjecture recently proved by Bang et al. [5] shows that the latter condition on c 2 is not necessary).
Neumaier [32] also showed that except for a finite number of graphs, all coconnected strongly regular graphs with a given smallest eigenvalue are geometric, and they are either Latin square graphs or Steiner graphs. In [37] , Wilson showed that there are super-exponentially many Steiner graphs, and similarly there are super-exponentially many Latin square graphs for certain parameter sets, see. This shows that the above-mentioned result of Neumaier is the best we can hope for the case of distance-regular graphs of diameter two. The situation for distance-regular graphs with larger diameter seems to be different: Koolen and Bang [27] conjectured that, for a fixed integer θ ≥ 2, any geometric distance-regular graph with smallest eigenvalue −θ, diameter D ≥ 3 and c 2 ≥ 2 is either a Johnson graph, a Grassmann graph, a Hamming graph, a bilinear forms graph or the number of vertices is bounded above by a function of θ.
Note that a geometric distance-regular graph with smallest eigenvalue −t is (t + 1)-claw-free, since every edge is contained in exactly one Delsarte clique, and hence each vertex is contained in exactly t Delsarte cliques.
On the other hand, Godsil [22] showed that Γ is geometric, if Γ is t-claw-free for any t > |θ D | and the intersection numbers a 1 and c 2 of Γ satisfy the following inequality:
Koolen and Bang [27] showed that Γ is geometric, if a 1 ≥ ⌊θ D ⌋ 2 c 2 holds. Moreover, they [19, Proposition 9.7] showed that a distance-regular graph Γ of diameter D ≥ 2 having valency k ≥ max{t 2 − t, Clearly, a connected graph without 2-claws is a complete graph. As we mentioned above, distanceregular graphs without 3-claws were classified in [25] and [11] .
In this paper, we classify distance-regular graphs without 4-claws. Hiraki, Nomura and Suzuki [24] and Yamazaki [38] considered distance-regular graphs that are locally a disjoint union of three cliques of size a 1 + 1 (i.e., 4-claw-free), and these graphs for a 1 ≥ 1 turn out to be geometric with smallest eigenvalue −3 (see Remark 4.6). The problem of classification of such graphs seems to be very hard. Hence we may assume c 2 ≥ 2. Bang [4] showed that if k > 8 3 (a 1 + 1), then a distanceregular graph of valency k is 4-claw-free if and only if Γ is geometric with smallest eigenvalue −3. In [4] , Bang started the classification of geometric distance-regular graphs with smallest eigenvalue −3 and c 2 > 1, and the results of Bang and Koolen [7] and Gavrilyuk and Makhnev [21] completed the classification.
Our main result is the following classification of 4-claw-free distance-regular graphs. or Γ is a putative distance-regular graph with one of the following intersection arrays: The proof of Theorem 1.1 is organised according to the following three cases with respect to the valency k and the intersection number a 1 of a distance-regular graph Γ satisfying the condition of the theorem:
If Γ satisfies case (T), then it is either the Johnson graph J(7, 3) or the halved 7-cube or a Taylor graph (see Proposition 2.1). In Section 3, we classify the Taylor graphs without 4-claws. Now we consider the distance-regular graphs that satisfy cases (G) or (N). Here we show that the diameter D of Γ is at most 4 (see Lemma 2.10), and the smallest eigenvalue θ D of Γ is bounded below in terms of the ratio k a 1 +1 (see Lemma 2.7). If Γ satisfies case (G), then it was essentially shown by Bang (see Proposition 2.11) that Γ is 4-claw-free if and only if it is geometric with smallest eigenvalue −3. If Γ is geometric with case (N), then we observe that there are only finitely many possibilities for θ D , and this enables us to classify all geometric distance-regular graphs with c 2 ≥ 2 but without 4-claws in Section 4.
In Section 5, we consider non-geometric distance-regular graphs with case (N). Since the smallest eigenvalue θ D of Γ is bounded below (see Lemma 2.7), it follows by [27] that there are only finitely many non-geometric distance-regular graphs. In particular, they showed that the valency k is bounded above as O(m 2 1 ), where m 1 is the multiplicity of second largest eigenvalue. However, their bound for k is too large, which makes the search for feasible intersection arrays for Γ almost intractable. In Subsection 5.1, we obtain a better valency bound of order O(m 1 ) by using that any clique size gives a lower bound for m 1 (see Lemma 2.6), while the size of a maximum clique in its turn can be bounded below by using the 4-claw-free property (see Lemma 2.7). In Subsection 5.2, we find all feasible intersection arrays, whose valencies satisfy the bounds of Subsection 5.1. For most of the arrays we found, we show in Subsection 5.3 that there are no corresponding distanceregular graphs without 4-claws. Moreover, in Proposition 5.20, we show that there does not exist a distance-regular graph with intersection array {39, 24, 1; 1, 4, 39}.
Some of our results can be possibly generalised for distance-regular graphs without t-claws for any t, and Section 2 contains some basic definitions from the theory of distance-regular graphs and preliminary results on intersection numbers and eigenvalues of a distance-regular graph without t-claws.
Note that the complement of a t-claw-free strongly regular graph does not contain any t-clique. In general, it appears to be hard to show the non-existence of t-cliques in a strongly regular graph by using only its parameters (for example, the Shrikhande graph and the (4 × 4)-grid both have the same parameters, but the latter one contains a 4-clique, while the former one does not; see further [12] for the case t = 4). This suggests that the assumption D ≥ 3 in Theorem 1.1 is crucial.
Definitions and preliminaries

Definitions and notation
All graphs considered in this paper are finite, undirected and simple (for more background information, see [16] ). For a connected graph Γ = (V (Γ), E(Γ)), the distance ∂(x, y) between any two vertices x, y is the length of a shortest path between x and y in Γ, and the diameter D is the maximum distance ranging over all pairs of vertices of Γ.
For any vertex x of Γ, let Γ i (x) be the set of vertices in Γ at distance precisely i from x, where 0 ≤ i ≤ D. For a non-empty subset S ⊆ V (Γ), S denotes the induced subgraph on S. The local graph of a vertex x is Γ 1 (x) . For a class G of graphs, a graph Γ is called locally G, if, for any vertex of V (Γ), its local graph is isomorphic to a graph from G. If all graphs from G are isomorphic to a graph ∆, we say that Γ is locally ∆. A graph Γ is regular with valency k, if Γ 1 (x) contains precisely k vertices for all x ∈ V (Γ).
For a set of vertices
Recall that a clique (coclique, resp.) is a set of pairwise adjacent (non-adjacent, resp.) vertices. A connected noncomplete graph Γ is called Terwilliger, if for any two vertices x, y at distance 2, Γ 1 (x, y) is a clique, whose order does not depend on the choice of x and y. 
and thus
A distance-regular graph with diameter 2 is called a strongly regular graph. We say that a strongly regular graph Γ has parameters (v, k, λ, µ), where λ := a 1 , and µ := c 2 . 
The standard sequence {u i (θ) | 0 ≤ i ≤ D} corresponding to an eigenvalue θ is a sequence satisfying the following recurrence relation:
where u 0 (θ) = 1 and u 1 (θ) = θ k . Then the multiplicity of eigenvalue θ is given by
which is known as Biggs' formula (cf. 
where tr(A ℓ ) is the trace of matrix A ℓ (cf. [9, Lemma 2.5]).
Let Z and N denote the set of integers and the set of positive integers, respectively.
Basic results
In this subsection, we collect several basic results on distance-regular graphs. For the rest of Section 2, let Γ be a distance-regular graph of diameter D ≥ 2, and with intersection array given by Eq. 
and we find
which shows the result.
The following results relate eigenvalues and intersection numbers of Γ. (1)
Proof: (1) Suppose D ≥ 4. For any two vertices x, y with ∂(x, y) = 4, the subgraph Γ 1 (x) ∪ Γ 1 (y) is the disjoint union of two connected regular graphs with valency a 1 . By the interlacing result (see [16, Theorem 3.3 .1]) we have θ 0 ≥ a 1 and θ 1 ≥ a 1 , a contradiction.
(2) By (1) and Lemma 2.4 (2), we find that D = 3 and a 3 ≤ θ 1 < a 1 . Hence the result follows by
The following result gives some bounds on the multiplicity of the second largest eigenvalue of Γ. 
Some structure theory for distance-regular graphs without (t + 1)-claws
In this subsection, we give some results on distance-regular graphs without (t + 1)-claws (t ≥ 3).
Lemma 2.7
Suppose that Γ contains a t-claw but no (t + 1)-claws for some integer t ≥ 3. With δ := k a 1 +1 , the following holds.
(1) Γ contains a clique with at least 2δ−t tδ k + 1 vertices. In particular,
Proof: By assumption, Γ contains a t-claw, say {x, y 1 , . . . , y t } , where ∂(x, y i ) = 1 (1 ≤ i ≤ t).
(1) For each 1 ≤ i ≤ t, we define a set
We first show the following claim.
Claim 2.8 There is an integer
Proof of Claim 2.8: Let ǫ be the number of edges between Y := {y 1 , . . . , y t } and Γ 1 (x) \ Y .
As each vertex in Y has exactly a 1 neighbors in Γ 1 (x), we have ǫ = ta 1 . Since each vertex in S := ∪ i∈{1,...,t} S i has a unique neighbor in Y and each vertex in
Without loss of generality, let
. . , y t } is a (t + 1)-claw, which is impossible. So S 1 ∪ {x, y 1 } induces a clique and thus
follows by Eq. (1). Now we have
and this shows (1).
(2) Since there are no (t + 1)-claws in Γ, we have
It follows by the principle of inclusion and exclusion that
This completes the proof.
In the following result, we find a slightly better bound for clique size when t = 3. Define µ min by
Corollary 2.9 Suppose that Γ contains a 3-claw but no 4-claws. Then there exists a clique of size
Proof: Let {x, y 1 , y 2 , y 3 } be a set, which induces a 3-claw, where
Since there are no 4-claws in Γ, we see that X := Γ 1 (x, y 1 ) \ (Γ 1 (x, y 2 ) ∪ Γ 1 (x, y 3 )) induces a clique, and hence C := {x, y 1 } ∪ X induces a clique of size k − 2a 1 − 1 + |Γ 1 (x, y 2 , y 3 )|, which proves the claim.
Lemma 2.10
Suppose that Γ contains a 3-claw but no 4-claws. If D ≥ 3 and 3 ≤ k < 3(a 1 + 1), then the following holds.
(1) Γ contains an induced quadrangle (i.e., c 2 ≥ 2).
Proof: (1) As Γ contains a 3-claw and k < 3(a 1 + 1), it follows from Lemma 2.7 (2) that c 2 ≥ 2. Suppose that Γ has no induced quadrangles (i.e., Γ is a Terwilliger graph). Then, by [28, Proposition 6 (3) ], Γ is the icosahedron, the Conway-Smith graph, or the Doro graph. Both the Conway-Smith graph and the Doro graph have 4-claws, and the icosahedron does not have a 3-claw, a contradiction.
(2) By (1) there is a quadrangle, say {x, z 1 , y, z 2 }, where ∂(x, y) = 2 = ∂(z 1 , z 2 ). As D ≥ 3 and Γ is 4-claw-free, Γ 3 (x) ∩ Γ 1 (y) must be a clique of size b 2 . This shows that a 1 ≥ b 2 − 1 and (1), there is a quadrangle, say {y, s, t, w} with ∂(y, t) = ∂(s, w) = 2. As D ≥ 5, there is a vertex x satisfying ∂(x, y) = 3 and ∂(x, t) = 5. As {s, w} is a coclique in Γ 1 (y) and Γ is 4-claw-free, the set C := Γ 2 (x) ∩ Γ 1 (y) induces a clique of size c 3 . It follows by (2), Lemma 2.2, and
Let y 1 ∈ C and take x 1 ∈ Γ 1 (x, y 1 ). As c 3 > 2c 2 , there is a vertex y 2 ∈ C \ Γ 1 (x 1 ), and take a vertex x 2 ∈ Γ 1 (x, y 2 ). Similarly, there is a vertex y 3 ∈ C \ (Γ 1 (x 1 ) ∪ Γ 1 (x 2 )) as c 3 > 2c 2 . Take a vertex x 3 ∈ Γ 1 (x, y 3 ). As the set C induces a clique, for any 1 ≤ i < j ≤ 3, two vertices x i and y j has c 2 common neighbors in C and thus {x 1 , x 2 , x 3 } is a coclique. On the other hand, there exists a vertex x 4 ∈ Γ 1 (x) ∩ Γ 4 (y) by b 3 ≥ 1, and the set {x i | 1 ≤ i ≤ 4} induces a coclique as ∂(y, x i ) = 2 (i = 1, 2, 3) and ∂(y, x 4 ) = 4. Hence {x, x i | 1 ≤ i ≤ 4} is a 4-claw in Γ, which is impossible. This shows D ≤ 4. (1) Γ is 4-claw-free.
(2) Γ is a geometric distance-regular graph with smallest eigenvalue −3.
Proof: If 8 3 (a 1 + 1) < k ≤ 3, then k = 3 and a 1 = 0. Hence Γ is the cube H(3, 2) (see [10] ), which satisfies both (1) and (2) . If k > max{3,
Taylor graphs without 4-claws
In this section we classify the Taylor graphs without 4-claws (Theorem 3.1).
Let Γ be a Taylor graph (i.e., a distance-regular graph with diameter three and intersection array ι(Γ) = {k, c 2 , 1; 1, c 2 , k}). The eigenvalues θ i (0 ≤ i ≤ 3) of Γ are
whose multiplicities
Theorem 3.1 Let Γ be a Taylor graph without 4-claws. Then Γ is one of the following graphs:
(1) The hexagon;
(2) The cube with ι(Γ) = {3, 2, 1; 1, 2, 3}; 
By Eqs. (1), (6) and Corollary 2.9,
If
2 and θ 1 = −θ 3 = √ k follow by Eqs. (6), (7) and tr(A) = 0 in Eq. (5). As |V (Γ)|ka 1 
2 (thus k is odd) and hence k ≤ 25 holds as
by Eq. (9) . On the other hand, a 1 is even and k is a sum of two squares by µ = 1 2 a 1 ∈ N and [16, Proposition 1.10.5 (i)]. These restrictions imply k ∈ {5, 9, 13, 17, 25}. If k = 5, then Γ is the icosahedron, which is 3-claw-free. If k = 9, then Γ is the Johnson graph J(6, 3) which contains 3-claws but no 4-claws. If k = 13, 17, then ∆ is the Payley graphs P (13) and P (17), respectively. As the independence numbers of these Payley graphs are all three, Γ contains 3-claws but does not contain 4-claws. If k = 25, then each local graph of Γ is a strongly regular graph with parameters (25, 12, 5, 6) . Since all such stongly regular graphs contain 4 cocliques (see [33] ), Γ contains 4-claws and thus k = 25. Now the results (4), (5) and (7) 
is the smallest eigenvalue of ∆, i.e., η 2 = −ℓ − 1. It follows by Eq. (8) with η 2 = −ℓ − 1 that
a 1 + 2ℓ and thus k = (2ℓ + 1)
By Eqs. (9), (10) and (11), we find that (ℓ − 3)a 1 + 4(ℓ 2 − 1) ≤ 0, which shows ℓ ∈ {1, 2}. If ℓ = 1, then c 2 = 
Geometric distance-regular graphs without 4-claws
In this section we classify geometric distance-regular graphs with diameter D ≥ 3 but without 4-claws (see Theorem 4.5).
Let Γ be a geometric distance-regular graph with respect to a set of Delsarte cliques C and diameter D ≥ 3. For a vertex x ∈ V (Γ) and a non-empty subset S of V (Γ), we denote ∂(x, S) = min{∂(x, y) | y ∈ S}. For a Delsarte clique C ∈ C and for each i = 0, 1, . . . , D −1, let
For x, y ∈ V (Γ) with ∂(x, y) = j (j = 1, 2, . . . , D) , define τ j (x, y; C) := |{C ∈ C | x ∈ C and ∂(y, C) = j − 1}| . 1, 2, . . . , D) . We observe that for any vertex x ∈ V (Γ) and for any Delsarte clique
Since parameters
The next lemmas summarize some results for geometric distance-regular graphs. (1) 
, then Γ is geometric with θ D = −t. Proof of Claim 4.4: Let ∂(x, y) = 2. As Γ is geometric, there is a Delsarte clique C satisfying x ∈ C and ∂(y, C) = 1. As c 2 ≥ 2, we have c 2 > ψ 1 by Lemma 4.1 (3) and thus there exists a vertex w ∈ Γ 1 (x, y) \ C. By |Γ 1 (w) ∩ C| = |Γ 1 (y) ∩ C| = ψ 1 , x ∈ Γ 1 (w) ∩ C and x ∈ Γ 1 (y) ∩ C, there exists a vertex z ∈ Γ 1 (y) ∩ C such that ∂(z, w) = 1 and thus ∂(z, w) = 2. Hence the induced subgraph on {x, z, y, w} is a quadrangle. If D ≥ 4, then there exist 3 vertices p, q, r ∈ V (Γ) satisfying ∂(p, q) = ∂(q, r) = 2 and ∂(p, r) = 4. By Claim 4.4, there are 4 vertices s 1 , s 2 ∈ Γ 1 (p, q) and s 3 , s 4 ∈ Γ 1 (q, r) such that {p, s 1 , q, s 2 } and {q, s 3 , r, s 4 } are quadrangles, respectively. This is impossible as the set {q, s 1 , s 2 , s 3 , s 4 } induces a 4-claw. This shows D ≤ 3. Now we prove the main result of this section. Proof: If Γ is 3-claw-free, then it follows by [11, Theorem 1.2] that Γ is (7) or (8) . (Note that these graphs are all geometric as they satisfy k = 2(a 1 + 1) and θ D = −2, and the icosahedron is non-geometric as it has irrational smallest eigenvalue.) Now we suppose that Γ contains 3-claws. If k ≤ 2(a 1 + 1), then it follows by Proposition 2.1 and Theorem 3.1 that Γ is the Johnson graph J(n, 3) with n ∈ {6, 7}. If k > From now on, we assume that 2(a 1 + 1) < k ≤ 8 3 (a 1 + 1). Note that D = 3 and c 2 ≥ 2 follow by Lemma 4.3. Since there is a quadrangle by Lemma 2.10 (1), there are two vertices p and q at distance two such that vertices p, q, r 1 , r 2 induce a quadrangle for some r 1 , r 2 ∈ Γ 1 (p, q). As D = 3, there exists r 3 ∈ Γ 3 (p) ∩ Γ 1 (q). This implies that the set {q, r 1 , r 2 , r 3 } induces a 3-claw and thus θ 3 ∈ {−3, −4, −5} by Eq. (12) and Lemma 2.7 (1). If ψ 1 = 1 then k = (−θ 3 )(a 1 + 1), which is impossible as k ≤ 
This is impossible as k > 2(a 1 + 1). Hence θ 3 = −5 and thus 2 ≤ ψ 1 ≤ 4 and ψ 1 ≥ Remark 4.6 It seems to be difficult to classify distance-regular graphs with θ D = −3 satisfying k = 3(a 1 + 1) and c 2 = 1 (see [4, 38] ). It follows by [4] , [7] and [38] that any distance-regular graph in Theorem 4.5 (9) (i.e., a distance-regular graph with θ D = −3 satisfying k = 3(a 1 + 1), c 2 = 1 and a 1 , 
(2) A distance-regular graph satisfying D = h + 2 ≥ 3 and
(3) A halved graph of a distance-biregular graph with vertices of valency 3 and
where α ≥ 2 and β ∈ {2, 3}.
It is unknown whether there exists a constant Y such that any distance-regular graph with k = 3(a 1 + 1) and c 2 = 1 has diameter D ≤ Y .
Question 4.7
Is it true that any geometric distance-regular graph with smallest eigenvalue −t has a t-claw?
5 Non-geometric distance-regular graphs without 4-claws
In this section, we classify non-geometric distance-regular graphs with diameter D ≥ 3 and valency k > 3 but without 4-claws (see Theorem 5.1).
Theorem 5.1 Let Γ be a non-geometric distance-regular graph with diameter D ≥ 3, valency k > 3 but without 4-claws. Then Γ is one of the following graphs:
(1) the icosahedron with ι(Γ) = {5, 2, 1; 1, 2, 5};
(2) the Klein graph with ι(Γ) = {7, 4, 1; 1, 2, 7}; We first need the following lemma. (1) the halved e-cube with ι(Γ) = { 
Valency bounds
It is known that for given integer t ≥ 2, there are only finitely many non-geometric distance-regular graphs with both valency and diameter at least 3 and with smallest eigenvalue at least −t, see [19, Theorem 9.10] . However, in order to perform a computer search of feasible intersection arrays, we need to improve the valency bounds.
In this subsection we obtain a better bound for valency k of a non-geometric distance-regular graph Γ with diameter D ≥ 3 but without 4-claws.
To obtain a valency bound, we consider the following two cases: θ 1 ≥ a 1 and θ 1 < a 1 . In the latter case, we also consider several subcases depending on (
The main result of this subsection is the following proposition.
Proposition 5.3 Let Γ be a non-geometric distance-regular graph with diameter D ≥ 3, valency k > 3, and 3-claws but without 4-claws. Then one of the following holds.
(1) θ 1 ≥ a 1 holds, D ∈ {3, 4}, and:
(2) θ 1 < a 1 holds, D = 3, and:
To prove Proposition 5.3, we need several lemmas. 
and hence
We also have that:
holds by Lemma 4.2 as Γ is not geometric,
and Lemmas 2.2 and 2.10 (2), (14) and Lemmas 2.2 and 2.10 (2).
Suppose a 1 ≥ 7 so that a 1 − 6 > 0. Then we find by Eq. (3) that
k, and hence
Note that the function
is strictly increasing on 2 < δ ≤ 8 3 , therefore
Suppose a 1 ≥ 146. Then 
Proof: Suppose that θ 1 < a 1 and m 1 ≥ 1 N k hold for some constant N ≥ 1. By Lemma 2.5, D = 3 holds. Using Eq. (5) we have 
Now the result follows as
Lemma 5.7 If θ 1 < a 1 and m 1 ≥ k both hold, then k ≤ 790.
Proof: By Eq. (14) and Lemmas 2.5, 2.10 (2) and 4.2, we have that
Claim 5.8 The valency k satisfies
Proof of Claim 5.8: If a 1 < max{42δ − 35, 49}, then k < max {(42δ − 34)δ, 50δ}. Now we assume a 1 ≥ max{42δ − 35, 49}. We first show v < (6δ + 3)k. By Eq. (17), we find
and thus v = 1 + k + k 2 + k 3 < (6δ + 3)k.
As θ 3 > − 3δ 2δ−3 holds by Lemma 2.7, we find
by Theorem 2.3. It follows by Lemma 5.6 that
. As δ(a 1 + 1) = k, we find a 1 + 1 <
. Now the claim follows.
Evaluating the valency bound from Claim 5.8 for 2 < δ ≤ 8 3 shows that k ≤ 790 holds, and this completes the proof.
Remark 5.9 Lemma 2.6 together with Lemma 2.7 show that the multiplicity m 1 can be bounded below by m 1 ≥ 1 N k with an appropriate constant N > 1. Therefore the valency k can be bounded above in the same manner as in the proof of Lemma 5.7. However, in the following several lemmas, we will obtain more accurate bounds for k for the case when θ 1 < a 1 and m 1 < k.
Lemma 5.10 Suppose that θ 1 < a 1 , θ 1 ∈ Z, and m 1 < k. Then k ≤ 36. Now we assume that θ 2 ≥ 0. We will show that k ≤ 33. If follows from Eq. (5), m 2 ≥ k > m 1 = m 3 and θ 2 ≥ 0 that
Thus, we have that θ 1 < 5 and |θ 3 | ≤ 6.
2 , then it follows by tr(A 0 ) = v, tr(A 2 )= vk and m 1 ≥ k 2 (see Lemma 2.6 (2)) that
Hence 2k − 6 ≤ θ 2 1 + θ 2 3 < 25 + 36. This shows that k ≤ 33 if θ 2 ≥ 0. This completes the proof.
Lemma 5.11
If θ 1 ∈ Z and m 1 < k, then D = 3 and b 1 = ℓ(θ 1 + 1) hold for some ℓ ∈ {2, 3, 4}. Moreover,
Proof θ 1 +1 = −1 − ℓ is an eigenvalue of the local graph Γ 1 (x) for a vertex x ∈ V (Γ). As k > 2(a 1 + 1) holds by Eq. (14), it follows by Lemma 2.7 that θ 3 > −6 and thus ℓ ∈ {1, 2, 3, 4} as −1 − 
(Note here that ℓ − δ + 1 > 0 holds from
By Lemma 2.4 (2) with θ 1 < a 1 , we have a 3 ≤ θ 1 < a 1 , and thus
. By Lemma 2.10, we have
Hence it follows by c 3 > b 1 and Eq. (19) that
Now the result follows as v = 1 + k + k 2 + k 3 . In particular, using Eq. (19) and a 3 ≤ θ 1 < a 1 ,
This shows This shows
By Lemma 5.11, b 1 = ℓ(θ 1 + 1) = (δ − 1)(a 1 + 1) holds for some ℓ ∈ {2, 3, 4}. In particular,
holds for some
3 (a 1 + 1). In the rest of the proof, we assume a 1 + 1 ≥ 200 and ǫ = 0.02. It follows by Lemma 2.10 (4) that 0 < −(θ 2 + θ 3 ) ≤ 1 − θ 3 . We find by Eqs. (20) and (21) that
By Lemma 5.11 and Eq. (22),
follows and thus
.
B(δ,ℓ) , where
Then
To determine an upper bound in Eq. (24), we first show the following claim.
Claim 5.13 Let τ and γ be some real numbers.
(
Proof of Claim 5.13: (1) For given δ and ℓ, function A(δ, θ 3 , ℓ)(1 − θ 3 ) of θ 3 is decreasing on
Thus M (δ, θ 3 , ℓ) is also decreasing on θ 3 ≤ −2, and this shows part (1) as τ ≤ θ 3 ≤ −2. 
This yields that the right hand side in Eq. (25) is positive. This proves (2) and hence the claim follows.
To complete the proof of this lemma, we consider the following two cases. 
It follows by Lemma 2.6 (1) that 5k 21 + 1 ≤ m 1 ≤ 124 and thus k ≤ 516. Now we suppose that 2 < δ ≤ 
As θ 2 ≥ −1 holds by Lemma 2.10 (4), we obtain that 
To complete the proof of the lemma, we consider the following three cases.
, then it follows by Lemma 2.7 (1) that there exists a clique C satisfying |C| > k 6 + 1 and thus θ 3 ≥ −5 > −6. Hence it follows by Lemma 2.6 (1) and Eq. (26) with (δ, θ 3 , ℓ) = ( 
Computational results
In this subsection, with the aid of computer, we find all feasible intersection arrays for distanceregular graphs with D ≥ 3 and 3-claws but without 4-claws whose valency satisfies the bounds in Proposition 5.3.
We call an intersection array {b 0 , . . . , b D−1 ; 1, c 2 , . . . , c D } feasible, if it satisfies the following conditions: Suppose that Γ is a non-geometric distance-regular graph with diameter D ≥ 3, valency k > 3, and 3-claws but without 4-claws.
For each of the following cases given by Proposition 5.3: 6, 1, 3) , i.e. the unique generalized quadrangle GQ(2, 2). Since GQ(2, 2) is the complement of the triangular graph T (6), which has a 4-clique, GQ(2, 2) contains a 4-coclique and thus Γ has a 4-claw. This is impossible.
Remark 5.18
We note that there exists a distance-regular graph with intersection array {44, 24, 1; 1, 12, 44}. It was constructed in [26] . One can check that this graph contains 4-claws, however, it is an open question whether a distance-regular graph with this intersection array must have a 4-claw or not.
In the rest of this subsection, we study this problem for the intersection arrays satisfying (C3). We note that there exists a distance-regular graph with intersection array {13, 8, 1; 1, 4, 13}, given by the Mathon construction, see [16, Proposition 12.5.3] . There also exists a distance-regular graph Γ with intersection array {16, 10, 1; 1, 5, 16}, which is locally folded 5-cube, see [16, p. 386 Pick a vertex x ∈ V (Γ), and let y 1 , y 2 be two non-adjacent vertices of Γ 1 (x). As Γ is 4-claw-free, the set {x} ∪ Γ 1 (x) \ {y 1 , y 2 } ∪ Γ 1 (y 1 ) ∪ Γ 1 (y 2 ) induces a clique of size 1 + k − (2(a 1 + 1 − ν) + ν) = k − 2a 1 − 1 + ν, where ν = |Γ 1 (x, y 1 , y 2 )|. For (k, a 1 ) ∈ {(13, 4), (16, 5 )}, we have k − 2a 1 − 1 + ν ≤ ⌊1 + √ k⌋. Thus ν = 0.
Now pick a vertex y 3 from Y := Γ 1 (x) \ {y 1 , y 2 } ∪ Γ 1 (y 1 ) ∪ Γ 1 (y 2 ) . As |Γ 1 (x, y i , y j )| = 0 holds for any 1 ≤ i < j ≤ 3, we see that k = |Γ 1 (x)| ≥ 3 i=1 |{y i } ∪ Γ 1 (x, y i )| = 3(a 1 + 1). This is impossible, as k ≤ Let {x 1 , x 2 , x 3 } induce a 3-coclique in ∆. As Γ is 4-claw-free, we see that 39 = 3 · (14 + 1) − 1≤i<j≤3 |∆ 1 (x i , x j )| + |∆ 1 (x 1 , x 2 , x 3 )|, so that 1≤i<j≤3 |∆ 1 (x i , x j )| ≥ 6. This implies that x i lies in a maximal clique of ∆, say C x i , with γ i ≥ 9 vertices, i ∈ {1, 2, 3}. The Delsarte bound (see Eq. (1)) for Γ shows that γ i ≤ 13.
The number of vertices of ∆ \ {C x 1 , C x 2 , C x 3 } is equal to 1≤i<j≤3 |∆ 1 (x i , x j )| − 2|∆ 1 (x 1 , x 2 , x 3 )| ≤ 6, so that γ 1 + γ 2 + γ 3 ≥ 33.
Let C be the set of maximal cliques in ∆ with at least 9 vertices. Then C x 1 , C x 2 , C x 3 ∈ C, and for every vertex x ∈ ∆, there exists a clique C x ∈ C, |C x | ≤ 13. As c 2 = 4, we have |C ∩ C ′ | ≤ 3 for all distinct C, C ′ ∈ C. Therefore C satisfies one of the following:
(a) C = {C 1 , C 2 , C 3 }, where every C i ∪ {∞} is a Delsarte clique in Γ;
(b) C = {C 1 , C 2 , C 3 , C 4 }, where |C 1 | = 13, |C 2 | = 11, |C 3 | = |C 4 | = 9, and C 3 and C 4 intersect in exactly three vertices;
(c) C = {C 1 , C 2 , C 3 , C 4 }, where |C 1 | = 12, |C 2 | = 12, |C 3 | = |C 4 | = 9, and C 3 and C 4 intersect in exactly three vertices.
